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Abstract 

Rotational dynamics is known to polarize DO branes into higher dimensional fuzzy 
Dp-branes: the tension forces between DO branes provide the centripetal acceleration, 
and a puffed up spinning configuration stabilizes. In this work, we consider a rotating 
cylindrical formation of finite height, wrapping a compact cycle of the background space 
along the axis of rotation. We find an intriguing relation between the angular speed, 
the geometry of the cylinder, and the scale of non-commutativity; and we point out a 
critical radius corresponding to the case where the area of the cylinder is proportional 
to the number of DO branes - reminiscent of Matrix black holes. 
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1 Introduction and results 



DO branes are natural probes of Planckian dynamics ^T] . In a particularly interesting regime, 
DO brane coordinates are represented by non-commuting matrices; and one's intuition stem- 
ming from a notion of smooth spacetime quickly falters. Non-commutative dynamics entails 
rich new physics, exotic conclusions, and is a testing ground for quantum gravity|Hj-[Z|. It 
is then useful to study toy systems involving configurations of DO branes. 

A particularly interesting phenomenon of DO brane dynamics involves a higher dimen- 
sional Dp-brane being dynamically weaved out of polarized DO branes. Typically, background 
Ramond-Ramond (RR) fluxes are used to polarize the DO brane network [2Z1I2H]- More re- 
cently, Harmark and Savvidy [13] have demonstrated that spinning a spherical lump of DO 
branes can also lead to a puffed up fuzzy system. In a dual picture, one would talk about a 
rotating ellipsoidal D2 brane with magnetic flux on the worldvolume. The basic stabilization 
mechanism involves balancing the tension of strings stretching between the DO branes with 
the centripetal acceleration. In it was shown that such a system is indeed classically sta- 
ble. These configurations can be interesting settings for black brane computations. Similar 
structures had inspired the modeling of Matrix black holes whose thermodynamic properties 
had been shown to agree with that of black holes in Matrix theory 12 E] • Yet another 
interest in DO brane fuzz-balls arises in brane-world discussions. The worldvolume theory 
of the resulting higher dimensional Dp-brane is inherently non- commutative and provides 
for interesting new phenomena at high energies, when the scale of non-commutativity is 
probed |33] . 

In this work, we consider a cylindrical configuration of DO branes stabilized by spin. The 
cylinder is wrapped along its axis of rotation onto a compact cycle of the background space. 
Finite height cylinders are interesting since they allow one to explore the mixing of several 
length scales in a non- commutative setting: the size of the background compact cycle or the 
height of the cylinder, the radius of the cylinder, and the scale of non-commutativity. The 
size of the compact cycle may also be imagined to be infinite so as to generate an infinite 
cylinder, as in pQ. We would then have a non-commutative worldvolume theory with one 
non-compact and one compact direction; and the compact direction is stabilized dynamically 
through rotation. 

Our problem is described by the following parameters (see Figure Q): N is the number of 
DO branes; L is the size of the compact cycle; R is the radius of the cylinder; uj is the angular 
frequency of rotation; w and k\ are respectively the winding number along the compact cycle 
and the lateral winding number; finally, the string length l s sets the scale for lengths, and 
the string coupling g s is assumed to be small. To simplify matters, we fix g s , N, w, and k\ 
to convenient values, and think of the problem in terms of varying L, R, and uj. The limit 
L — > oo, iV — > oo presumably corresponds to the infinite cylinder, which has been studied 
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Figure 1: The coordinates system used to describe the fuzzy cylinder. The direction labeled 
3 is compact of size L. 



in the literature in various settings [H H3J |2H EH] . 

To study the dynamics, we use the Dirac-Born-Infeld (DBI) action of [2E1 1211 ■ We 
summarize the highlights of our results whereas the details are left to the main text: 



We find that the angular speed u is related to the other parameters by 

4nwkiL 
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XN 



The scale of non-commutativity on the worldvolume of the cylinder is 4n/N in string 
units. Our analysis is valid if 

Q = loR < 1 , ul s < 1 (2) 
which still leaves R a free parameter. Hence, we now have a two parameter problem. 

In previous works QjJ E] , the case of the infinite cylinder was studied and identified 
as BPS stable, with the radial extent R being a flat direction free to be chosen at 
no cost in energy 4 . In our work, we adopt a different representation of the algebra 



'For other work on related configurations see [23112112311311211111221131131121] 
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that can accommodate a wrapped cylinder of finite height; with N, the number of DO 
branes, being finite as well. This involves the mixing of infinite and finite dimensional 
representations in a delicate recipe. 

• We argue for the existence of a critical radius R cr given by 

R cr = , (3) 

corresponding to the case where the DO branes are moving with the speed of light. 
If one considers the possibility that the conjectured symmetrized trace prescription 
of |28| 177] is valid to all orders in the DBI expansion for the simple matrix algebra we 
have 5 , the action vanishes at this critical radius. This is reminiscent of giant graviton 
dynamics arising in a different context [HJ EH 122]- Furthermore, at R cr , we have 

XN 

Cylinder area = — . (4) 

With entropy S ~ N for Matrix black holes [3 H] - which are qualitatively similar 
configurations - this is very suggestive of a holographic statement arising in a non- 
commutative theory at weak string coupling. 

These conclusions lend themselves to interesting future directions that we discuss in the 
last section, where we also comment on the issue of classical radiation from the configuration. 
In Section 2, we setup the problem and present the solution to the equations of motion. In 
Section 3, we discuss the critical radius and the dynamics of perturbation modes. And some 
details of the perturbation analysis may be found in Appendix A. 



Note Added: In the original version of the preprint, a numerical perturbation analysis 
was also presented, leading to the identification of unstable modes for certain ratios of the 
cylinder height to its radius. As pointed out in £Q, the algebra describing the cylinder in 
question saturates a BPS bound, where the central charge is the cylinder's angular momen- 
tum, the latter being proportional to the Casimir of the algebra. Hence, the expectation 
is that the cylinder must be stable in all regions of the parameter space and for all repre- 
sentations of the algebra. In the current version of the preprint, the numerical part of the 
perturbation analysis has been removed as it apparently leads to unreliable conclusions. 



5 In general, the validity has been checked to quadratic order in A; discrepancies have been identified in 
general at the third order [351 1361 E3 IH| • More validation of the possibility that such corrections are not 
relevant to our analysis may be found in the Discussion section. 
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2 The fuzzy rotating cylinder 

We start from the DBI action of fMH7\ 

S DBI = -T n I (P +1 a STr 
where 



det [P [E ab + E^Q- 1 - S)*E jb ] + AF^detQ} 
, A = 2?rZ? , 



(5) 



■ i\ <I >; . 'I'' , A = 2<, (6) 

while the nine $*'s are N x N hermitian matrices representing the non-commutative coor- 
dinates of N Dp-branes. The tension of a Dp brane is given by 



T 



2tt 



9s (27rZ 4 



\p+i ' 



(7) 



P[] denotes the pullback to the D-brane worldvolume, and STr stands for the symmetrized 
trace |2*H1 127j. For the task at hand, we consider N DO branes and zero background fields. 
In particular, we have in (J3J) 



E„ 



Guv + B 

u 







J uu — /iv i ^fjtV * Vuv i Y 

and the Chern-Simons term is vanishing. This leads to the action 



Sdb/ = -T J dt STry 1 - A 2 ^ yjdet [8] + i\ [$% 
where we have dropped a term of the form 



(9) 



(10) 



because of the symmetrized trace prescription 6 , and we have chosen the non-dynamical gauge 
field on the worldline to be zero at the expense of imposing the constraint 



. 



(11) 



If we were interested in an approximate form of the dynamics, we can focus on the regime 
where 7 

, , ^«^- (I 2 ) 



I 3 . 



6 For the configuration we will write, this term is in fact zero irrespective of the symmetrized trace 
prescription. 

7 The DO brane coordinates <I> 1 have dimension of inverse length in these units; in particular, these variables 
are related to space coordinates by x — > A<J>. 
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We then arrive at the simpler expression 
S DBI ~= -T f dt STr 



A_ 2 
2 



i-^Ha^) 2 -^[^T+-- 



(13) 



where the covariant derivative has been reintroduced 

D & = & + z [Aq, $<] (14) 
for future reference. For now, we set A = as mentioned above. The equations of motion 

(15) 



arc 



supplemented by the constraint (jTTJ). 



2.1 A time-dependent solution 

Next, our goal is to find a solution to the equations of motion (|15j) subject to the con- 
straint (jll|) representing N DO branes forming a fuzzy cylinder of finite height and rotating 
about its axis of symmetry. We start by singling out three of the space dimensions for em- 
bedding the cylinder. We label these three directions by $\ with i = 1,2,3. Furthermore, 
we compactify the direction i = 3 on a circle of circumference L on which we intend to 
wrap the longitudinal extent of the cylinder (see Figure QJ). The remaining six transverse 
polarizations will be denoted by $ a . 

Consider a hermitian matrix Y, and another matrix Z with its complex conjugate Z\ 
satisfying the closed algebra 



Z, ft 







Z,Y 



ujZ 



z\y 



-oj 



(16) 



where u is a real constant. We will talk about the representation of this algebra in the next 
section. We construct two new matrices from and $ 2 



Z = & 1 + i& 



(17) 



And we write 



z(t)Z 



^3 WL y 
A 



$ a = 



5 



We have arranged for the cylinder to wind the 3 direction w times, with w being an arbi- 
trary integer. It is then easy to check that this ansatz satisfies the constraint and the 
equations (fT3j) provided we have 

z (t) = ^e luJt . (19) 
A 

Here, R is the radius of the rotating cylinder as shown in Figure d 
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2.2 Algebra representation 



To proceed with analyzing the properties and perturbations of the solution we found in the 
previous section, we need to identify a representation of the algebra (|16p. The representation 
we adopt is worked out in detail in [37], custom designed to depict a wrapped fuzzy cylinder. 
We first introduce two new operators p and a 



Y = p , Z=r 
satisfying the infinite dimensional algebra. 



A.TXI 



(20) 



(21) 



k\ is an integer that appears to represent the number of lateral windings of the cylinder. 
Given the compactification in the p direction, we may partially truncate this representation 
as described in |37j . We focus on iV being an odd integer with iV = 2M + 1. A basis of 
N x N matrices that describes a wrapped non-commutative cylinder is 



e(k') = e k ' ia+ik ' 2f> . 
where k! = (k\, k' 2 ) represents a pair of integers 

k\ = p'N + q' with q' E (-M, M) and p' G (-oo, oo) 
k' 2 = m' with m' e (-M, M) . 



(22) 

(23) 
(24) 



Note in particular that the modes for k'2 have been truncated. The algebra satisfied by these 
basis matrices is 

'2tt 



[e(k'), e(k")} = -2isin 
where k' x k" = k\k" 2 — k! 2 k" \. And 

[p,e(k')} = 
The explicit forms are given by [37] 



N 



k' x k" e(k' + k") 



N 



e(k') 



(25) 



(26) 



/ 1 



\ 



/ M. 

1 N 



+ Air 



\ 



M-l 
N 



M-2 
N 



(27) 



'N / 



J(p'N+q')a+im'p 



••• 0' 



T p'^-m'(q' + l) 



\ 



1 





1 



-2m' 



T P'ry-m' 



7 -2(AT- ? ')m' r 

C1_^_J 7 - 2 ( JV - 1 )-V 

q'-l 

( 1 

-2rrt' 

4m' 



Q 7 -2(7V-y-l)m' 






q' > 



7" 



7 



V 



/ ^+9' 



7 _2(AT-l)m' j 



T p'-l^-m'(q'+l) 



I 

q' = (28) 
\ 



1 




7" 



-2m' 



7 -2(-?'-l)m' 



7' 



-2(-g')m' r 







0_^_0 7 -2(iV-l)m' r 
AT+g'-l 



q' < 



Here, we have defined 



r = e 



„2i6 



27T1 

7 = e " 



(29) 



where # is a parameter used to label the infinite dimensional sector of the representation. 
Tracing in this representation becomes 



/ 



Tr -> / d6 Tr . 



We then have the orthogonality statement 



Tr [e{k')e{k")\ = e^ k ' xk "Tr [e(k' + k")} = N8 k ,^ k „ ; 



(30) 



(31) 
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and we also get 

ZZ\ = 1 Z N = r kl . (32) 
With these expressions at hand, we may now verify that 

$i 2 + $2 2 = ^i. (33) 
A 

It is also easy to check that our solution carries angular momentum in the 3 direction given 
by 



M 12 = T A 2 Tr 



T NR 2 uj ; (34) 



while the other components are zero, uj is obviously the angular speed about the 3 axis. 
More interestingly, we find from (|2l)j) that we need 

w = —JJT ■ (35) 

Note that w is the number of windings of the cylinder in the 3 directions, k\ is the number of 
windings in the lateral direction, and 47t/N is the scale of non-commutativity on the cylin- 
der's worldvolume in string units. Hence, the angular speed is fixed once the representation 
is fixed. We may make the intuitive statement that the angular speed in units of R is the 
ratio of the area of the cylinder to the number of DO branes N. 



3 A critical radius and perturbations of the cylinder 

Our solution is parameterized by the following constants: N, the number of DO branes; R, 
the radius of the cylinder; L, the compact size of the 3 direction; u, the angular speed; and 
two integers w and k\ representing windings, uj however was fixed in the previous section (see 
equation (|35))). For fixed N, w and k\, we are then dealing with a two parameter problem, 
R and L. 

The solution is valid provided the conditions (jl2j) are satisfied. This translates to 

Q = ujR < 1 , ul a < 1 . (36) 

Hence, R is unrestricted. We also note that to l/l s may be independently achieved by 
making either L small or N large. 
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First, we observe that one can now write 

det [8] + iX [$*, = 1 + \W\z\ 2 . (37) 
Substituting our solution in Q, the full form of the action, we get 

-T N J dt Vl-fi 4 . (38) 



S 



DBI 

However, this assumes that the symmetrized trace prescription is good for arbitrary order in 
the expansion of the square roots in Q. While it is possible that, for this particular simple 
algebra, additional corrections to the DBI - as well as corrections to the symmetrized trace 
prescription - may vanish 8 , this assumption is generally incorrect. For now, our goal however 
is to use the guess to the extent of corroborating the existence of a critical maximum radius 
for which the DO branes are moving with the speed of light. And indeed as confirmed from 
equation (J58j) . this radius is 

R cr = , (39) 
for which the potential (and action) vanishes. Furthermore, we then have 

AiV 

(2nR cr )L = — . (40) 

Hence, the area of the cylinder equals XN/2, an interesting holographic statement as eluded 
to in the Introduction. 

Next, we consider the dynamics of perturbations of the cylinder for O <C 1. We would 
then write 

& = $1 + 1 , $ 2 = $2 + 2 , $ 3 = $3 + 03 ; «r = 0« , A = a , (41) 

where the subscripts refer to the solution of the previous sections. Note that we fluctuate 
the gauge field Aq of (|T4*j) as well. We will then use the equation of motion arising from varying 
a to restrict perturbation modes to physical degrees of freedom. It is more convenient to 
parameterize some of these perturbations differently. We write instead 9 

1 = -($ 2 e e + e e $ 2 ) + ($5e P + e r $J) . (43) 



8 More about this issue in the Discussion section. 

9 To see this, first write formally (i.e. no matrix structure necessarily implied) 

$ 1 = (R + r) cos(6 + 6) , $ 2 = (R + r) sin(6 + 6) . (42) 

Then, expand for small r and e and elevate things back to matrices while symmetrizing over ambiguous 
orderings. Wc then relabel things in terms of dimensionless parameters 9 — > eg and r — > e r . 
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4> 2 = + e $l) + ($ge r + e r $g) . (44) 
Now, we expand the small perturbations in the matrix basis of the previous section 

ee = ^ Ok'ejk') , e r = S ^r k ie{k') . (45) 
fe' fe' 

^ = Ef e ( fc ') > ^ = Ef e ( fc ') > a = X)^e(fc / ). (46) 

k> k> k' 

Note that we have made sure that e\, and e£, are dimensionless for convenience; and we 
have reality conditions relating modes of opposite signs, such as r* k , = r-w- We also use the 
shorthand (see equations (J25|l and (J2H0 

oo M M 

5> E E E • («) 

fe' p'=— oo q'=-M m'=—M 

To assure that an expansion in the e's makes sense, we require 

7v,0 fc /«l , 4<^-- (48) 
Substituting (}4"Tj) into (fT3|). and using the commutation relations 



(50) 



[Z , e(A/)] = -2ije tujt sin Q^Jfe x jfj e(Jfe + k') ; 

Zl e(k') = 2ije~ iujt sin 0£jfe x k'J e{-k + k') , (51) 

one can write the worldvolume theory of small perturbations. We emphasize that this anal- 
ysis is restricted to the regime prescribed by JSEJ). 

As far as perturbation modes in the six transverse directions are concerned, we find that 
all these modes are diagonal with mass squared given by 

2 AR 2 2 f2Tik l l 2 \ 2 h 2 
Straus = -ysin I — — — J+u > , (52) 

where l\ and I2 are integers to be described below. 
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The interesting physics occurs in the 1-2-3 subspace where there are two physical degrees 
of freedom (due to the constraint in the system). The details of this analysis are collected 
in Appendix A. The final action is given by Si + S2 + S3, where Si, S2, and S3 are defined 
in (jSSJ), (JHEJ), and (jHSj) respectively 



4 Discussion 

We end with a few comments about the matter of classical radiation. In the dual picture, 
the system is to be described by a cylindrical D2 brane with magnetic and electric fields on 
the worldvolume accounting for the dissolved DO branes and rotation. It is easy to see that, 
from this static viewpoint, one expects zero radiation from the RR 1-form gauge field. In the 
picture involving the DO branes explicitly, zero 1-form radiation is a much more non-trivial 
statement. Yet, it is expected that the conclusion agrees with the dual picture, presumably 
the two being related by some Seiberg-Witten map [33]. Considering the Chern-Simons 
coupling from |27j . one easily finds 

C, = #4, (53) 
k — or 

where Ci{k,uo) is the Fourier mode of the 1-form RR gauge field. The source is identified 
as [ZZj 

Ji(k,(j)~ Jdt e'^STr je"***^] . (54) 

Considering linear order in A, it is easy to check that STr[$ J $ l ] is time independent resulting 
in zero radiated power. Indeed, one can see that this pattern repeats to all orders: we have 
Z = ujZ and Z* = —ujZ^; and hence terms of the form STr x ■ ■ - x where x stands for a Z or a 
Z* (wavefronts cannot have a component in the 3 direction by symmetry). The number of Z's 
and Z' J s must equal so that the trace does not vanish (see in particular equation (J32)0 . But 
this also cancels all time dependences from the source leaving zero radiated power through 
the RR 1-form. This suggests that the symmetrized trace prescription and the DBI action 
seem to be working well for our solution to all orders in A. It would also be interesting to 
see what conclusions are reached with regards to gravitational and RR 3-form radiation. 
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5 Appendix A: Some details of the perturbation anal- 
ysis 

In this appendix, we collect some of the details of the perturbation analysis. For notational 
convenience, we relabel some of the perturbations as 6 k i = e\, and r k r = e 2 ,. Expanding our 
action to quadratic order (for e\,,e\, <C 1, e\, <C NujR/Aitki) in the small perturbations, 
one finds three pieces after a bit of algebra: from the kinetic term without the gauge field 
fluctuations taken into account, we get 

S 1 = NR 2 u 2 + 4NR 2 u 2 e 2 + 4NR 2 ujel 

+ 4NR 2 cos 2 ( 2 -^^)(ei l + ue 2 _ l ) (ej + ue 2 ) 

+ 4 N R 2 cos 2 (?-i-<*£i) 

+ NX 2 ^^ + NX 2 e%et . (55) 
From the quartic potential, we obtain 

S 2 = -NR 2 uj 2 -4NR 2 uj 2 e 2 -AN R 2 uo 2 cos 2 ( 2 ^ + ^ e\ e] 

- SiNR 2 u 2 cos 2 ( llh2il) l ± e 2 e ] + 8 i N R i w 2 cog 2 / 27nfc^\ ^ ^ 2 
**r„2 2 f27rkxl\ ( n R 2 2 n R 2 (Ankxl\ 2 h 2 \ 2 2 

2NR*u sin(i^iii) & e f - 2 JV i? a, sin f 4 ** xi > ) ii- £ > , e? 

2 3 



A" k\ \ N J k ± 



+ 4^ i? 2 cc> sin f — — — J el; e 2 - 4« Ni? 2 w sin ( — — — j 

— AN R 2 sin 2 (^^) e 3 , ef - iV ( 4 i? 2 sin 2 (^^) + A 2 ^ 2 Q .(56) 

Finally, we solve the equations of motion for the gauge field fluctuation modes a\ 
2ik 2 R 2 

4R2 sin 2 (2*fcxlj k^ + ViU 2 ^ 

x (^2 cos 2 — ^ — J e, 1 - sm — ^ — J (e, 1 + 2 ef ) + A 2 — ef J (57) 



ai = 
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and substitute back into the action; this gives the additional piece 
„ ^ 

4i?2 sin 2(2^x/) A;i 2 + A2tj2/i 2 

x ( ^^/ie 3 _ / + 4cucos 2 ( - j fci ei, - 2 fci sm f - j (^ + 2^)1 
X (^^ ie ' + ( JV )A: 1 6 ; 1 -2A: 1 sm( - j (e i 1 + 2^e 2 )J (58) 

Our system is now given by Si + S2 + S3. 
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